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Abstract

Thecommonly usedfeature-basedclassifierimplementsthemaximumaposterioriprobability (MAP) of thedata
classgiven the features. This requiresthe joint probability densityfunction (PDF) of the featuresundereachof
theclasshypotheses.Unfortunately, thesePDF’s arerarely known andmustbe estimatedfrom trainingdata. Poor
performanceresultsif the amount of training datais insufficient to estimatethe high-dimensionalfeaturePDF’s.
Theclass-specifictheoremis presentedin which theMAP decisionrule is rewrittenasa functionof low-dimensional
PDF’swhichmaybeestimatedin practicefrom farsmallerdatasets.Necessaryconditionsinclude(a)thatthereexists
a low-dimensional featuresubsetfor eachclassthat is a sufficient statisticfor theunderlying randomparametersof
eachdataclass,and(b) thatthereexistsat leastonepoint in eachparameterspacethatcorrespondsto acommonPDF.
We provide a proof of thetheoremsupportedby anexampleusingsyntheticsignals.Two ordersof magnitude fewer
trainingsamplesarerequiredby theclass-specificapproach.

1 Intr oduction

Considertheclassificationproblemin which a datasample
�

is to beclassifiedinto oneof � classes.This is done
optimallyby theclassifierknown asthemaximumaposteriori (MAP) or Bayesianclassifier�����	�
 ��������� ��� �� ����� �������
 ������� � � � � �  � � �!�  �#" (1)

However, if the likelihoodfunctions � � � � �  � arenot known, it is necessaryto estimatethemfrom training data.
Dimensionality dictatesthat this is impractical or impossibleunless

�
is reducedto a smallerset of statistics,or

features $ �&% � ��� . Many methods exist for choosingthe features,however supposefor now that a class-specific
strategy is used.Onepossibleclass-specificstrategy is to identify a setof statistics'  , corresponding to eachclass�  , that is sufficient or approximatelysufficient to estimatetheunknown stateof theclass 1. Becausesomeclasses
maybesimilar to eachother, it is possiblethatthe � featuresetsarenotall distinct.Let$ � �()*��� ' )
wheresetunionnotation is usedto indicate thattherearenoredundantor duplicatefeaturesin $ . However, removing
redundantor duplicatefeaturesis notrestrictiveenough. A morerestrictive, but necessaryrequirementis that� � $ � �  �
existsfor all + . Theclassifierbasedon $ becomes����� �
 ������� � � $ � �  � � ���  �," (2)-

Thiswork supportedby theOffice of Naval Research
1Sufficiency in this context will bedefined moreprecisely in thetheorem that foll ows.

1



Theobject of thefeatureselectionprocessis that (2) is equivalent to (1). Thus,they aresufficient for theproblem at
hand. We will seein thetheoremthatfollows, thereis a connectionbetweenthesufficiency of thefeaturesetfor the
classificationproblem andtheclassic(Neyman-Fisher)sufficiency.

In spiteof the fact that the feature sets '  arechosenin a class-specific mannerandarepossiblyeachof low
dimension, implementation of (2) requires that the featuresbe groupedtogether into a super-set $ . Dimensionality
issuesdictatethat $ must be of low dimension (lessthanabout5 or 6) so that a goodestimateof � � $ � �  � may
be obtainedwith a reasonable amount of training dataandeffort. The complexity of the high dimensional space
is suchthat it becomes impossibleto estimatethe probability density function (PDF) with a reasonable amount of
trainingdataandcomputationalburden. Theexponentialincreasein complexity of systemshasbeentermedthecurse
of dimensionality by RichardBellman[1]. In complex problems, $ may be needto containasmany asa hundred
features to retain all necessaryinformation. This dimensionality is entirely unmanageable. It is recognized by a
number of researchers thatattemptingto estimatePDF’s nonparametricallyabove 5 dimensionsis difficult andabove
20 dimensionsis futile [2]. Dimensionalityreduction is the subjectof muchresearchcurrently andover the past
decades (somegoodoverviews areavailable[3], [2], [4]). Variousapproachesincludefeature selection[5], [4], [3],
projectionpursuit[6], [7], andindependencegrouping [8]. Severalothermethodsarebasedonprojectionof thefeature
vectors ontolower dimensional subspaces[9]. A significantimprovement on this is thesubspace method[10], [11],
[12], in which theassumption is lessstrict in thateachclassmayoccupy a differentsubspace.Improvements on this
allow optimization of error performancedirectly. [13].

All thesemethodsinvolvevariousapproximations.In featureselection,theapproximationis thatmostof theinfor-
mationconcerning all dataclassesis containedin a few of thefeatures. In projection-basedmethods, theassumption
is thatinformationis confinedto linearsubspaces.A simpleexample thatillustratesasituationwherethisassumption
fails is whentheclassesaredistributedin a3-dimensionalvolumeandarrangedin concentric spheres.Theclassesare
not separatedwhenprojectedon any 1 or 2-dimensionallinearsubspace. However, statisticsbasedon the radius of
thedatasamplesandwouldconstitutea simple1-dimensionalspacein which thedatais perfectlyseparated.

Whatever approachoneuses,if $ hasa large dimension,andno low-dimensionallinearor nonlinearfunctionof
the datacanbe found in which mostof the usefulinformationlies, the curseof dimensionality leavesonewith the
following fundamentalchoice: either(a)discardmuchof theusefulinformationin anattemptto reducethedimension
or (b) obtaina crude PDFestimatein thehigh-dimensional space.In eithercase,poorperformancemayresult.What
wenow show is thatit is possibleto drasticallyreduce themaximumPDFdimensionwhile at thesametimeretaining
theoretical equivalenceto theclassifierconstructed from the full featureset(2), andto theoptimum MAP classifier
(1). But the dimensionality bottleneck cannotbe circumventedunlesscertaina priori information is used. In the
class-specificmethodof featureselectionintroducedabove, the fact that that '  correspondsto

�  is information
that is discardedwhen $ is createdandis not utilized in (2). We now show how to circumvent the dimensionality
bottleneck by utilizing this lost information.This will require two fundamentalideas.Thefirst ideainvolves defining
somecommon class

�/.
which is asubsetof all classes.This is possibleif all classeshaverandom amplitudesandare

embeddedin additivenoise.Thenif
� .

is thenoise-only class,�0.213� �4 + �65 4�784 "9":" 4 � "
Thenext ideais to connecttheselectionof '  with theideaof sufficiency.

2 Main Theorem

Theorem1 Let therebe � distinctPDF families� � � � �  � , + �;5 4�7<4 "9":" 4 � where
�  are theclasshypotheses.For

classeach + , let � � � � �  � beparameterizedbya random parameter set =  , thus� � � � �  �>�@? =BA � � � � =  4 �  � � � =  �DC =  4
for all + . For each class+ , let there bea sufficient statisticfor =  , '  �E%  � �F� . Let there bea combined feature set$ �G% � �F� such that '  1 $ , + �;5 4�784 "9":" 4 � . Let thePDF � � $ � �  � exist for all + . Let thespanof =  includea point= . that resultsin anequivalent distribution for

�
regardlessof + :� � � � � �4 = . �>� � � � � �H. � 4 + �65 4 "9":" 4 � (3)
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Then,theclassifierbasedon thecombinedfeatureset(2) reducesto����� 
 ��� � � '  � �  �� � ' I� �0. � � ���  �," (4)

Proof: Clearlyfrom (3), wehave � � $ � �  4 = . �J� � � $ � � . � 4 + �E5 4�784 ":"9" 4 � " (5)

We maywrite � � $ � �  �K� ? � � $ � � �4 =  � � � = �� �  �DC = � ? � � $  � ' �4 � �4 =  � � � ' �� � �4 =  � � � = �� �  �LC = 
where $  is theresultof removing '  from $ definedby$ �M '  � N$ �O '  � $ "
We now make useof thefact that � � $  � ' �4 � �4 =  � is independentof =  dueto sufficiency andwe mayevaluateit at
any valueof =  : wechoose= . .� � $ � �  �P� � � $  � ' �4 � �4 = . � ? � � ' �� � �4 =  � � � = �� �  �QC = � � � $  � '  4 �  4 = . � � � '  � �  �
Now, � � $  � ' �4 � �4 = . � maybeexpanded:

� � $  � ' �4 � �4 = . �>� � � $ � � �4 = . �� � ' I� � �4 = . �
Now, � � $ � � R4 = . � is independent of + asaresultof (3), thus� � $ � �  �>� � � ' �� �  �� � ' �� �0. � � � $ � � . �
wherewe write theconditioning S � �4 = .RT as

�0.
. Now, plugging into (2), anddividing out � � $ � �U. � , which does not

depend on + , weget ����� �
 ������� � � $ � �  � � ���  �>� ����� �
 ������� � � '  � �  �� � ' �� �0. � � ���  � (6)

Which is thesameas(4) .

We therefore have shown that it is possibleto reducethe dimensionality, yet endup with a classifiertheoretically
equivalent to the classifierbasedon the full-dimensionalfeatureset. It is notedby Kay [14] that under the same
assumptionsnecessaryfor theabovetheorem,(4) is equivalentto (1), thus(4) is fully equivalentto theMAP classifier
basedon

�
.

While thereductionof thehigh-dimensional problemto a low-dimensionalproblemis significantenough,another
significantideaemergesrevolving around theideaof sufficiency. If SV'  T aresufficient (in theNeyman-Fishersense)
for theparameterizationsof thecorresponding class,andacommonclass

�W.
canbefound, then $ is sufficient for the

classificationproblem athand[14].
It is also important to note that while the parameterdistributions � � = �� �  � areusedin the proof, they arenot

requiredin practice. All thatis required areestimatesof thelow-dimensionalPDF’s � � '  � �  � .
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3 Classifier Ar chitecture

Theformulation(4) suggestsa detector/classifierarchitectureasshown in Figure1. Eachdataclasscorrespondsto a
distinctandindependentbranch in thediagram(thethird branch hasbeenexpandedfor reasonswhichwewill explain
below). Theoutput of eachbranchis a detectionstatisticfor distinguishingthecorresponding signalclassfrom

�X.
.

The modularity of the processoris hasobvious advantages. As long as the same
�W.

is used,eachbranchcanbe
independentlydesigned, trained, andimplemented by separatecomputationalhardware. As new signalclassesare
addedto theclassifier, it only meansaddingnew branchesto thestructure.Existingbranchesremainunchanged.

In thefigure,we haveshown a casewhenfor a givenclass
�UY

, theremaybea varietyof sub-classesindexed by a
parameter Z . It is possibleto carryouta maximization over Z prior to normalizationby � � ' I� �0. � .

Thecommon class
�[.

doesnotneedto bearealclass.Technically, theonly requirementis thattheparametersets
of eachclassmustinclude

� .
asa specialcase,thusthenatural role of thenoise-only hypothesis.We have found it

usefulthat
� .

representthecondition that
�

besamplesof iid Gaussiannoise.
A method of systemidentification(or model selection)is impliedby thestructureaswell. Supposethataquantity

of trainingdatais availablefrom somedatasourceandthat it is desiredto fit thedatato a model. Let
� � and

�]\
be

two candidatemodels(i.e. two candidate featuresets' � , ' \ ) thathaveeachbeentrainedonthesametrainingdata.In
spiteof thefactthat

� � and
�]\

mayhave differing structures,have differentmodelorders or complexities,andmay
bebasedon different feature setsit is possibleto directly compare thetwo modeloutputsdo determine which model
is better. Theoptimality of this comparison will be in thesenseof minimum probability of error when

� � and
� \

areregardedasseparatehypotheses.If oneof the model outputs is greateron average thanthe othermodel output
for the samepopulationof testingdata,thenit will likely make a bettermodelfor classifyingthe signalclassfrom
othersignalclasseswhena class-specificstructureis used.Thus,we have a method of choosinga model for a signal
classthat is independentof othersignalclasses, yet findsthebestmodel for classifyinga signalagainstothersignal
classes. This is anentirelynew classifierdesignparadigm.

While the class-specificarchitecture is not new [15], this is the first time it hasbeenplacedon any theoretical
relationship to theMAP classifier. Theorem1 showsclearlyhow thevariousbranchesof thestructure arenormalized
andcompared in orderto achieve the optimal performanceof the MAP classifier. It alsoshows that normalization
by the likelihood of the common class

� .
is necessaryto allow the outputs to be compared fairly. Without any

furtherknowledgeabout theclasslikelihood functions,it representsthearchitecturewith thesmallestpossiblefeature
dimension thatis still equivalent to theoptimumBayesianclassifier.

While Theorem1 requires very specificconditions to hold, specificallythe sufficiency of the featuresetsand
the existenceof a common class,it is reasonable to askwhereapproximations may bemade. We have found from
experiencethat while the sufficiency of the various statisticscanbe relaxed somewhat, andapproximations to the
various likelihood functions maybemade,thelikelihood functionsunder

�^.
cannotbeapproximatedwithoutcareful

attentionto thetails. In practice,
�

mayvary significantlyfrom
�U.

, especiallyat high SNR.Thus,it is necessaryin
many casesto useexactanalyticexpressionsfor � � ' I� �0. � . This mayseemto beanoverly restrictive requirementat
first. But, in mostcasessolutions canbefound, especiallyif

�_.
is chosenasiid Gaussiannoise.

4 Practical Considerations

For real-world problems, the sufficiency of features cannever be established.How, thencanthe methodbe used?
Thesimpleansweris thatsufficiency is not really required in practice.Sufficiency is required to establishtheexact
relationship of the class-specificclassifierto the optimum Bayesianclassifier. If sufficiency is approximated, so is
this relationship.Comparetheclass-specific(CS)approachwith thefull-dimensional(FD) approach.With CS,if the
featuredimensionsarelow, onecanhavea goodPDFapproximationof approximatesufficientstatistics.However, in
theFD approach,onehasthechoiceof a verypoor PDFestimateof thefull feature set,or a good PDFestimateof a
sorely inadequatefeatureset.

To utilize (4), it is necessaryto obtainestimatesof � � '  � �]` � for both a �&b and a � + . For a � + , it is clear
that exemplars of '  from a training datasetmay be usedto train a densityestimate,for example usingGaussian
Mixtures via theEM algorithm. Likewise, for a �cb , a largenumber of exemplarsmaybecreatedunderthenoise-
only assumption by simulation. However, a numerical problemarisesfor featurevectors which differ greatlyfrom
thenoise-only hypothesis(i.e. high-SNR).Then,thedenominatordensity� � ' I� �0. � will beoutsideits usefulrangein
which it canapproximatethedensity. We areleft with thesechoices:
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Figure1: Detector/ClassifierArchitecture

1. Obtaintheoreticaldensitiesunder
� .

by deriving themanalytically. This is aidedby thefactthatthenumberof
featuresis (hopefully) smallandthat

� .
is straight-forward(i.e. iid Gaussiannoise).

2. Obtainanalyticexpressionsfor thecharacteristicfunction,thenapplytheinverseFourier transform numerically.

3. Useanasymptotic analysisof thetail behavior of � � ' I� �H. � .
4. If theprimary issuein causing'  to beouton thetails of � � ' �� �0. � is dueto signalstrength, thenthefollowing

decompositionis useful.Let '  � SVd � 4 d \ 4 ":"9" 4 dRe T andlet d � beameasureof signalstrength. Then� � '  � � . �>� � � d \ 4 ":"9" 4 d e � � . 4 d � � � � d � � � . �
It maybe,asit is for examplein ARMA or AR parameterestimates,that d \ 4 "9":" 4 d�e areindependentof d � under� .

. In this case,� � '  � � . �J� � � d \ 4 "9":" 4 dRe � � . � � � d � � � . � wheretheterm � � d � � � . � maybeknown analytically
andbearsthebruntof thetail behavior.

5 ExampleProblem

5.1 Signal Classes

Thepurposeof theexample is to offer acontrolled experimentusingsynthetic signals.Thesesignalswerenotchosen
to represent any real-world problem in particular. They werechosen(1) to provide clearsufficient statisticswith
known distributions under

�f.
, and(2) to providea difficult classificationenvironment with somesimilarsignaltypes

at a wide rangeof signalstrengths.Sufficient information is provided so that the experiment may be reproduced
andreaders maycomparetheresultswith othermethods. Becausethesignalsaresynthetic, anunlimited number of
samplesmaybeproduced. This allows theasymptotic (large sample)classificationperformanceto beapproximated
in thelimit.

Thesignalsareproducedwith random signalamplitudesdistributedfrom very weakto moderate. A significant
number of incorrect classificationsare expected,even for the limiting case. We consider 9 dataclassesdenoted� �V4 "9"9" 4 �hg .i Class

� .
: Noiseonly
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i Class
� � : LongSinewavei Class
�H\

: MediumSinewavei Class
� Y

: ShortSinewavei Class
�kj

: LongGaussianSignali Class
�Hl

: ShortGaussianSignali Class
�Hm

: ShortImpulseSignali Class
�Hn

: LongImpulseSignali Class
�Ho

: LongLaplacianDistributedNoisei Class
�Hg

: ShortLaplacianDistributedNoise

Examplesof thesesignalsareprovided in Figure2. Mathematicaldescriptionsof signalsusedin thesimulationare
describedin enoughdetailin theAppendix sothatthereadermayrecreatetheexperiment.Sufficient (orapproximately
sufficient) statistics'  areprovided in Table1. Thedistributions � � ' I� �0. � , where

�].
is thecondition that

�
is iid

Gaussiannoiseof unit variance,areprovidedin Table2.

5.2 Results

A total of 16384 samplesfrom eachof classes
� � through

� g
werecreated.Eachsampleconsistedof a statistically

independentrealizationof a time seriesof length p � 7Rq�r generatedunderthecorresponding hypothesis.For each
hypothesis,thevaluesof pertinent model parameters wereselectedat random asdescribedin theAppendix. For each
timeseriesproduced,thethestatistics(features) ' � 4 "9":" 4 ' g werecomputed.

As a checkon thedeterminationof theoreticalPDFunder
�U.

, datawasalsogeneratedfor pureGaussiannoise.
Histogramsof the

�/.
distributions overlaid on thetheoreticalcurves areprovidedin Figure3. Noticethat ' o and ' g

aretwo-dimensionalandaplanarplot is needed.
The featuredatawasusedin holdout trials to determineprobability of correct classification( s0tut ) asa function

of thenumber of trainingsamples(NTRAIN). For eachvalueof NTRAIN, four independenttrials wereperformed.
For eachtrial, thedatawasdivided randomly into trainingandtestingportions. All thedatanot usedin trainingwas
usedin testing(i.e. for determining svtut ). Theaverageof thefour trials wasplotted. Theresultsof theexperimentare
providedin Figure4 for threeclassifiers:

1. K-nearestneighbor classifierwith w �yx . Thenearest3 training sampleswerelocatedin eachclasstraining
setandthedistanceto thefarthestof these3 wasusedasaclassificationstatistic.Distancewascomputedusing
“datasphering”, thatis, thedistancefromafeaturevectorto atrainingsampleof aparticularclasswascomputed
in acoordinatesystemin whichthefeaturesof thatclasswereuncorrelated.Thefeaturesweredecorrelatedusing
anestimateof thefeaturecovarianceobtainedfrom thetraining data.

2. Full-dimensional(FD) classifierimplementingequation(2). Thedistributions� � $ � �  � wereestimatedfrom the
training datausinga GaussianMixture estimateobtainedusingtheE-M algorithm[16],[17].

3. Class-specific(CS)classifierimplementing equation(4). Thedistributions � � ' I� �  � wereestimatedfrom the
training datausinga GaussianMixture estimate.

Two claimsof this paperaresupportedby thegraph. First thatthelowerdimensional formulation achieves maxi-
mumperformancewith fewer trainingsamples.Second, thatbothformulationsareequivalent(given sufficient data).
Thelatterclaim is supportedby theasymptotic convergenceto similar performance levels.Of course,theapproxima-
tionsusedfor classes

�/o
,
�hg

couldaccount for somesub-optimal behavior of theclass-specificformulation. Dueto
practicallimitations,theFD performancecouldnotbeevaluatedathigherthan8192 training samples.

Further evidencethat thetwo formulationsareapproximatelyequivalentis obtainedfrom theconfusionmatrices
of theFD andCSclassifiersfor 8192 and128trainingsamples,respectively areprovidedin Tables3,4.
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Table1: Class-SpecificStatistics
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8



Declaredasclass:
1 2 3 4 5 6 7 8 9

Class:
1 70 8 7 3 2 3 2 0 0
2 8 57 15 5 3 5 3 0 0
3 6 12 53 7 6 7 5 0 0
4 3 5 7 59 9 4 3 5 1
5 3 7 11 12 35 5 5 0 18
6 3 4 7 5 3 63 10 0 0
7 3 3 6 3 3 11 67 0 0
8 0 0 0 4 0 0 0 94 0
9 0 0 0 1 9 0 0 0 88

Table3: ConfusionMatrix for Full-Dim (FD) classifierat8192trainingsamplesin percent.

Declaredasclass:

1 2 3 4 5 6 7 8 9

Class:
1 68 6 6 5 6 4 2 0 0
2 5 58 11 5 8 5 3 0 0
3 4 8 52 9 11 8 5 0 0
4 2 3 4 60 12 4 2 8 0
5 3 3 6 14 35 6 3 0 27
6 1 2 7 5 7 65 8 0 0
7 1 3 5 4 6 11 64 0 2
8 0 0 0 1 0 0 0 94 4
9 0 0 0 1 13 0 0 0 84

Table4: ConfusionMatrix for Class-Specific(CS)classifierat 128trainingsamplesin percent.
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More evidenceto concerning theequivalenceof thetwo classifiersis obtained asfollows. It is clearthat for any
two classesA,B, � � $ � �0Ï �� � $ � �hÐ � � � � ' Ï � �hÏ ��Ñ � � ' Ï � � . �� � ' Ð � �0Ð ��Ñ � � ' Ð � �0. � (7)

Thus, the ratiosbetweenthe classifieroutputs for any two classesis the samefor the FD or CS classifiers. This
equivalencemaybetestedexperimentallyby plotting theright-handside(RHS)of theaboveequality ononeaxisand
the left-hand side(LHS) on theotheraxis. Refernow to Figure5 which plots theLHS of (7) vs. theRHS sidefor
hypotheses4 and1. Notice thatastheamount of trainingdataincreases,equalityis approximated. In Figure6, the
samegraphis plottedfor hypotheses8,1. Noticethatthetrendto equality is lessdramatic.This maybeexplainedby
theapproximateform of � � ' o � � . � thatwasusedin thesimulation.

6 Conclusions

An exactexpressionhasbeenderivedthatprovidesa way of breaking down thetraditionalBayesianminimumerror
M-ary classifierinto low-dimensionaldistributions. It requires (1) a (small)setof sufficient statisticsfor eachsignal
classand(2) a common (noise-only)class.Thebenefitof theclass-specificformulation over theoptimum Bayesian
classifieris clearlydemonstratedin a synthetic9-classproblem. More that2 orders of magnitudemoretrainingdata
is required by the traditional approach. Theseimprovements wereobtained in spiteof theuseof approximationsto
sufficientstatisticsandto theirdistributions.

7 Appendix

In this sectionweprovidedetailsof thesufficientstatisticsrequired for eachhypothesis.

7.1 Class ÒWÓ : Noiseonly

Thenoise-only classis characterized by pureiid Gaussiannoise.� � � � � . �>� � 7�¹»º \ � ® �L� \ ¥ �I§]Ô�© 57�º \ �Õ )*��� � \)³Ö
7.2 Class Ò{× : Long Sinewave

Class
� � is a sinewaveof random positiveamplitude Ø anduniformly distributedrandom phasein Gaussianiid noise

of known variance º \ . Let Ø �;5½b�Ù � \ . where Ú is uniformly distributedon [-20,0]. We haveÛ�Ü�Ý�Þ ß<àuá½â�ã^Ü�ä#å³æ�ç¶â�è ¯ £2é�ê�ë Ôíìïîä9æ ç;ðÕ ñ*ò�óLô õ ñ ì ßLö¶÷:ø#Ü}ù�ú�û_áVâ!üýç Ö
TheLR teststatisticgiven Ø ?<þ � � � � Ø 4 Z � � � Z �DC Z� � � � Ø �XbR�
maybereduced[18] to amonotonic functionof ÿ \ ��� \ � � \
where ���� �Õ )}��� � )�� |R� ���>� � � �� �Õ )}��� � ) �D�}� ���>� �
Thus,

ÿ
is a sufficientstatisticfor Ø . We choose ' � �{z}| � � ÿ \ �
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Notethatunder
� .

theterm
�

and � eachareGaussianwith zeromeanandvariance �¢¡ £\ . We see,thenthat
\��¡ £ ÿ \ �\�¢¡�£ � � \ � � \ � is distributed � \ � 7 � . Let ���	� \ ��
 � , then� � � � �0. �>�  ® � ��
 Ñ 7 � 7 ®  � \ �  � \ ® � ¿ ® � � \

Let � � a�� , then � � � � � . �>� 5a  ® � ��
 Ñ 7 � 7 ®  � \ � � Ñ a �  � \ ® � ¿ ® �£�� "
Now let d �Gz*| � � � � , then � � d � � . �>� 5a  ® � ��
 Ñ 7 � 7 ®  � \ � a � � ®  � \ ¿ �� � \ ¥ �I§h~�© ¿ �7 a � (8)

Thedistributionof ' � �{z}| � � ÿ \ � is obtainedby letting

 � 784 a � �¢¡ £\ , thus� � ' � � � . ����� ¿ °  p º \�� ¥ �<§0~�© ¿ °  p º \ � "

7.3 Class Ò�� : Medium Sinewave

Class
� \

is the sameas
� � except the signalcoversonly the first half of

�
. Thedesireis to createa classhighly

correlatedwith
� � . Let Ø �;5½b�Ù � \ . where Ú is uniformly distributedon [-20,0]. Letÿ \ ��� \ � � \

where � �� �L� \Õ )}��� � ) � |R� ���>� � � �� ��� \Õ )}��� � ) �D�}� ���>� �' \ �{z}| � � ÿ \ �
Notethatunder

�/.
,
�

and � areeachGaussianwith zeromeanandvariance �¢¡ £j . Following thederivationfor � � ' � � ,
we have � � ' \ � �0. �>��� 7 ¿ ° £p º \�� ¥ �I§h~�© 7 ¿ ° £p º \ �
7.4 Class Ò�� : Short Sinewave

Class
�0Y

is thesameas
� � except thesignalcovers only thefirst quarter of

�
. Let Ø � 5½b Ù � \ . where Ú is uniformly

distributedon [-20,0]. Let
ÿ \ ��� \ � � \

where ���� �L� jÕ )}��� � )�� |R� ���>� � � �� ��� jÕ )}��� � ) �D�}� ���>� �' Y �{z}| � � ÿ \ �
Notethatunder

�/.
,
�

and � areeachGaussianwith zeromeanandvariance �¢¡ £o . Following thederivationfor � � ' � � ,
we have � � ' Y � �0. �>� � À ¿ ° «p º \�� ¥ �I§ ~ © À ¿ ° «p º \ �
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7.5 Class Ò � : Long Gaussian Signal

Class
� j

is Gaussiansignalin Gaussiannoise.Let º"! bethesignalvariance.We have

� � � � � j �>�$# 7�¹ � º \ � º \! �&% ® ��� \ ¥ �<§hÔ�© 57 � º \ � º \! � �Õ )*��� � \)BÖ
Let º(' �$) º \ � º \! . In thesimulation, realizations of º"' wereproducedaccording to º*' � º � 5:bRÙ � \ . where Ú is
uniformly distributedon [-30,-10]. As asufficientstatisticfor º \! , we choose' j � �Õ )}��� � \)
Notingthat ' j Ñ º \ is � \ � p � � � ' j � � . �>� 5º \  ® � � p Ñ 7 � 7 ® ��� \ � ' jº \ � �L� \ ® � ¥ �I§H¨�© ' j7�º \ ª
7.6 Class Ò�+ : Short GaussianSignal

Class
�0l

is thesameas
�hj

but occupiesonly thefirst half of
�

. As before, º ' � ) º \ � º \! . Realizationsof º ' were
producedaccording to º ' � º � 5:b�Ù � \ . whereÚ is uniformly distributedon[-16,4]. As asufficientstatisticfor º \! , we
choose ' l � ��� \Õ )}��� � \)
Notingthat ' l Ñ º \ is � \ � p Ñ 7 �� � ' l � �0. �>� 5º \  ® � � p ÑVÀI� 7 ® ��� j � ' l Ñ º \ � �L� \ ® � ¥ �<§ ¨ © ' l7�º \ ª
7.7 Class Ò�, : Short Impulse Signal

Class
�0m

is animpulsivesignaloccurring on thefirst datasample� � . Let� ) � Ø � �.- )�4 � �;5� ) � - ) 4 � � 7<4 x 4 ":"9" 4 p
where

- ) are iid Gaussianrandom variablesvariables with meanzeroandvariance º \ , � equals -1 or 1 with equal
probability, and Ø �;5½bBÙ � \ . where Ú is uniformly distributedon [-2,18]. We chooseasa sufficientstatistic' m �{z}| � � � \ � �
Theargumentof thelog times

5VÑ º \ is distributed � \ � 5½� , thusfrom (8),� � ' m � �0. �·� �® � � 5�Ñ 7 � �/ \ ¡ £ ¿ ° ¾ � \ ¥ �<§ ¨ © � � ¾\ ¡�£�ª� ¸ 7�¹»º \:¼ ® � � \ ¥ �<§H¨�© �u� ¾\ ¡�£�ª�¿ ° ¾ � \
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7.8 Class Ò10 : Long Impulse Signal

Class
�0n

is similar to
� m

but occupiesthefirst 2 datasamples.Let� ) � Ø � �.- ) 4 � �;5 4�7� ) � - )Q4 � �Xx 4 À 4 ":"9" 4 p
where

- ) are iid Gaussianrandom variablesvariables with meanzeroandvariance º \ , � equals -1 or 1 with equal
probability, and Ø �;5½bBÙ � \ . where Ú is uniformly distributedon [-4,16]. Let' n �Gz*| � �D� � � � � \ � \ �

Theargumentof thelog times
�\ ¡�£ is distributed � \ � 5½� , thusfrom (8),� � ' n � �0. �·�  ® � � 5�Ñ 7 � �/ j ¡ £ ¿ ° Á � \ ¥ �<§ ¨ © �u��Áj ¡ £ ª� ¸ À ¹»º \ ¼ ® � � \ ¥ �<§ ¨ © �u��Áj ¡ £ ª ¿ ° Á � \

7.9 Class Ò�2 : Long Laplacian Distrib uted Noise

This is a heavy-tailedtypeof random signal.Undersignalonly, � ) is distributed� � � ) �>� 5743 ¿ ®65 798:5 �<; "
WhenGaussiannoiseof variance º \ is added,thedistribution is [thanks to TodLuginbuhl for this formula]

� � � ) � 3 \ �>� 5743 ¿>= ££@? £BAC D ¿ 7E8 �F; ¥ �<G � © 7 8¡ / \ © ¡; / \ ¤ � 57 © ¿ ®H798 �<; ¥ �<G � © 7 8¡ / \
� ¡; / \ ¤ © 57 I JK

No sufficientstatisticfor 3 is immediately obviousfrom this distribution. We chooseasa pairof statistics

' o � �� �G�)}��� � � ) ��G�)}����� \)
��

This will provide anexamplewheresufficiency is only approximate.Thetwo-dimensionalcharacteristic function of
thedistributionof ' o under

� .
isL o���� ��4 � \ �P� �NM 7 MEO � 7 � � �:P � � © Q � � ¿ ® :R   7 ¿ ® :R   O C � C � ¤ �� �NMTS. � 7 � � � ¿ ® :R   7 ¿ ® :R £ / 7 C � ¤ �

where� is a � \ randomvariable, � is theabsolute valueof anormalrandom variable( � -distributed), andthe � 7 � � � is
the � \ distribution � 7 � � ���  ® � � 5�Ñ 7 � 7 ® � � \ � ® � � \ ¿ ®U7 � \
Solutionis possibleby inverseFourier transform, however it is not a simple task,especiallywhentail behavior is
needed. We note,however, thatby applying theCentralLimit theoremfor large p , thedistribution of ' o is approxi-
matelyGaussianwith meanandcovariance Ç � ' o � �0. �>� p �È� É \Ë5 � Ì�
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� |�Î � ' o � � . �>� p �ÈÈ� 5 © \Ë É \ËÉ \Ë 7
�ÍÌÌ�

Usingtheasymptoticdistribution will testtherobustnessof theoverall technique,however it is not recommendedin
general to usetheCentralLimit theoremfor the

�_.
densitybecauseaccuratetail behavior is needed.

7.10 Class Ò�V : Short Laplacian Distrib uted Noise

This is identicalto
� o

except thesignalcovers thefirst p Ñ 7 samples.In asimilar manner,

' g � �� � ��� \)*��� � � )��� ��� \)*����� \)
��

Thedistributionof ' g under
�].

is approximatelyGaussianwith meanandcovarianceÇ � ' g � �0. �>� p 7 �È� É \Ë5 �ÍÌ�
� |�Î � ' g � �H. �>� p 7 �ÈÈ� 5 © \Ë É \ËÉ \Ë 7

�ÍÌÌ�
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Figure2: Examplesof theninesignaltypes.Signal-to-Noise(SNR)hasbeenincreasedfor clarity. ActualSNRvaries.
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with theoretical distributions.
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